A new class of quadrature rules for the integration of both regular and singular functions is constructed and analyzed. For each rule the quadrature weights are positive and the class includes rules of arbitrarily high-order convergence. The quadratures result from alterations to the trapezoidal rule, in which a small number of nodes and weights at the ends of the integration interval are replaced. The new nodes and weights are determined so that the asymptotic expansion of the resulting rule, provided by a generalization of the Euler-Maclaurin summation formula, has a prescribed number of vanishing terms. The superior performance of the rules is demonstrated with numerical examples and application to several problems is discussed. The appearance of these fast algorithms has increased the urgency of developing accurate quadratures for the discretization of integral operators. Such quadratures must effectively treat the kernel singularities of the operators and the varying location of the singularities with a fixed set of density nodes, and must allow the application of the fast algorithms. In this paper, we develop quadrature rules, based on alterations to the trapezoidal rule, that obey these constraints.
We derive new quadratures, based on the Euler-Maclaurin formula and its generalization, of arbitrarily high-order convergence, for regular or singular functions with power or logarithm singularity. Each quadrature is constructed by changing the trapezoidal rule: a few of the nodes and weights at the interval endpoints are replaced with new nodes and weights determined so as to annihilate several terms in the asymptotic expansion. The nodes always lie within the interval of integration and the weights are always positive.
For a regular function f : [0, 1] → R, we approximate 1 0
f (x) dx with the quadratureT n (f ) = h w 1 f (x 1 h) + w 2 f (x 2 h) + · · · + w j f (x j h) (1) + f (ah) + f (ah + h) + · · · + f (1 − ah)
There are n "internal" nodes with spacing h = 1/(n + 2a − 1) and j "endpoint" nodes at each end, with the endpoint nodes x 1 , . . . , x j and weights w 1 , . . . , w j chosen so that the asymptotic expansion ofT n as n → ∞ has 2j vanishing terms and
(Theorem 3.1 and Corollary 3.2). The parameters a and j, and the nodes x 1 , . . . , x j and weights w 1 , . . . , w j , are independent of n. The nodes and weights are determined by 2j nonlinear equations, which have a unique solution, with 0 < x i < a, w i > 0, i= 1, . . . , j,
provided a is sufficiently large (Theorem 4.7). For integrands that are singular at one endpoint,T n is altered so that the nodes and weights at that end differ from those at the other end and depend on the singularity (Theorem 3.4 and Corollary 3.6; Theorem 3.7 and Corollary 3.8). For improper integrals in which the integrand is oscillatory and slowly decaying,T n is combined with Gauss-Laguerre quadrature to give rules with high-order convergence (Theorem 3.9 and Corollary 3.10).
Several authors have studied the problems treated here. It has been observed that endpoint corrections can be derived for singular integrands; Rokhlin [9] implemented such a scheme for integrands with a known singularity at an interval endpoint. He derived corrections to the trapezoidal rule by placing additional quadrature nodes near the endpoint, with the corresponding weights determined so that low-order polynomials and the singularity times low-order polynomials were integrated exactly. He showed that under fairly general conditions, these weights had limiting values (up to scale) as the number of nodes in the trapezoidal rule increased without bound and that these limiting weights could be used to form quadrature rules with good convergence. Unfortunately, the order of convergence of these rules is restricted in practice by the fact that the weights increase in magnitude rapidly as the order increases. Efforts by Starr [10] and subsequently by Alpert [11] reduced the growth in size of the weights with order, primarily by using more weights than the number of equations satisfied and minimizing their sum of squares. In another approach, Kress [12] uses all quadrature weights in the quadrature rule, rather than a few near the endpoints, to handle the singularity. More recently, Kapur and Rokhlin [13] successfully constructed rules of arbitrary order by separating the integrand's regular and singular parts and allowing some quadrature nodes to lie outside the interval of integration.
The present approach does not suffer from limitations on order of convergence, separation of the integrand into parts, or quadrature nodes outside the interval of convergence. On the other hand, the quadrature nodes near the interval endpoints are not equispaced. Also, the equations for the nodes x 1 , . . . , x j and weights w 1 , . . . , w j , in addition to being nonlinear, are poorly conditioned; the conditioning deteriorates rapidly with increasing order. Nevertheless, we are able to use an algorithm developed recently by Ma, Rokhlin, and Wandzura [14] for computing generalized Gaussian quadratures to obtain accurate quadrature nodes and weights. The author would also like to credit that paper for inspiring the present work.
The paper is organized around section 3, where the new asymptotic expansions are derived and the quadratures defined, and section 4, where it is shown that the equations defining the quadratures actually have solutions, which are unique. These sections are preceded by mathematical preliminaries and followed by a discussion of the computation of the quadrature nodes and weights. Numerical examples are presented in section 6 and we conclude with some applications and a summary.
Mathematical preliminaries.
The material in this section, which is found in standard references, is used in the subsequent development. The Bernoulli polynomials satisfy the difference formula
the differentiation formula B n (x) = n B n−1 (x), n= 1, 2, . . . , (5) and the expansion formula 
where we have used
To derive the Euler-Maclaurin formula for the interval [a, b], we let h = (b − a)/n and c = a + ih in (7), sum over i = 0, 1, . . . , n − 1, and rearrange terms to obtain
The expression on the left-hand side of (8) is the well-known trapezoidal rule. Evaluation of the expression on the right-hand side of (8) is simplified by the fact that B 2r+1 = 0 for r ≥ 1.
Generalized Riemann zeta-function.
The generalized Riemann zetafunction is defined by the formula
This function has a continuation that is analytic in the entire complex s-plane, with the exception of s = 1, where it has a simple pole. In what follows, we shall be concerned primarily with real s and v, with s < 1 and v > 0. We will use the following representation derived from Plana's summation formula (see, for example, [16, section 1.10 (7)]):
Equation (9) can be used to derive the asymptotic expansion of ζ as v → ∞. We treat the integral as a sum of Laplace integrals, each with an asymptotic expansion given by Watson's lemma (see, for example, [17, p. 263]) , and obtain
as v → ∞, with s ∈ C, s = 1, and p an arbitrary positive integer. Equation (10) is a slight generalization of [16, section 1.18 (9) ]. There is a direct connection between the Bernoulli polynomials and ζ,
and generalizations of the difference and differentiation formulae hold:
Orthogonal polynomials and Gaussian quadrature.
Suppose that ω is a positive continuous function on the interval (a, b) and ω is integrable on [a, b] . We define the inner product with respect to ω of real-valued functions f and g by the integral
There exist polynomials p 0 , p 1 , . . . , of degree 0, 1, . . . , respectively, such that (p n , p m ) = 0 for n = m (orthogonality); they are unique up to the choice of leading coefficients. With leading coefficients one, they can be obtained recursively by the formulae (see, for example, [18, p. 143 
where p −1 (x) = 0 and δ n , γ n are defined by the formulae
The zeros x n 1 , . . . , x n n of p n are distinct and lie in the interval (a, b). There exist positive numbers ω
whenever f is a polynomial of degree less than 2n. These Christoffel numbers are given by the formula (see, for example, [19, p. 48 
whenever f is a polynomial of degree less than or equal to 2n. These modified Christoffel numbers are given by the formula
where ω n i is given by (16) . The summation in (15) is the n-node Gaussian quadrature with respect to ω, while that in (17) is an (n + 1)-node Gauss-Radau quadrature with respect to τ .
3.
Hybrid Gauss-trapezoidal quadrature rules. In this section we introduce new quadrature rules for regular integrands, singular integrands with a power or logarithmic singularity, and improper integrals and determine their rate of convergence as the number of quadrature nodes increases.
For notational convenience we generally consider quadratures on canonical intervals, primarily [0, 1] . It is understood that these are readily transformed to quadratures on any finite interval [a, b] by the appropriate linear transformation of the nodes and weights.
Regular integrands.
For j, n positive integers and a ∈ R + = {x ∈ R| x > 0}, we define a linear operator T ja n on C([0, 1]), depending on nodes x 1 , . . . , x j and weights w 1 , . . . , w j , by the formula
where h = (n + 2a
Proof. We apply the Euler-Maclaurin formula (8) on the interval [ah, 1 − ah] to obtain
We now combine (19) and (21), the equality
Taylor expansion of all quantities about h = 0, the Bernoulli polynomial expansion formula (6) , and difference formula (4) to obtain (20 
Then T ja n is a quadrature rule with convergence of order 2j 
We shall see below that (22) has a solution with the nodes and weights all positive if a is sufficiently large and that numerical solution of (22) 
where h = (n + a + b − 1) −1 is chosen so that ah + (n − 1)h = 1 − bh. The following theorem, which follows from a generalization of the Euler-Maclaurin formula due to Navot [8] or a further generalization due to Lyness [20] , presents a somewhat different proof than the earlier ones. 
Proof. 
Differentiating, we verify that
and, combining the ζ difference formula (11) with (28), we obtain
Additionally, we define functions q
and observe that
With these definitions, the proof follows that of the Euler-Maclaurin formula:
Taylor expansion of f (r) (ah) about h = 0, the definitions (28) and (29) for p c n and q c n , and the binomial theorem combine to yield
Likewise, Taylor expansion of f (r) (1 − bh) about h = 0, the definitions for p c n and q c n , the asymptotic expansion (10) for ζ, the Bernoulli polynomial expansion formula (6) , and the binomial theorem combine to yield
We now combine (26) and (30)-(32), the equality
expansion of the latter two integrals about h = 0, and the difference formula (4) for the Bernoulli polynomials and (11) for ζ to obtain (27). 
. , v j satisfy the equations
and the nodes x 1 , . . . , x j and weights w 1 , . . . , w j satisfy the equations
is a quadrature rule with convergence of order 2j + 1 + min{0, γ} for g, where 
and the nodes x 1 , . . . , x k and weights w 1 , . . . , w k satisfy the equations
is a quadrature rule with convergence of order min{j + 1,
) and p ≥ min{j, 2k}. In Corollaries 3.5 and 3.6, an even number of constraints on the nodes and weights at both ends of the interval are considered. Clearly, there are analogous quadrature rules arising from an odd number of constraints at one or both ends; these are similar, and explicit presentation of them is omitted. We now consider a different type of singularity.
where ζ denotes the derivative of ζ with respect to its first argument.
Proof. This asymptotic expansion is derived from that of Theorem 3.4 by differentiating (27) with respect to γ and evaluating the result at γ = 0. 
) and p ≥ min{j, 2k}.
Improper integrals.
For j, n positive integers, we define a linear operator R j n on C([n, ∞)), depending on nodes x 1 , . . . , x j and weights w 1 , . . . , w j , by the formula
, where γ ∈ R, γ = 0, and f ∈ C p ([1, ∞)), and that there exist positive constants β, α 0 , . . . , α p , such that
The asymptotic expansion of R j n (g) as n → ∞ is given by the formula
Proof. We integrate by parts repeatedly to obtain
and in (41) we compute the Taylor expansion of f about x k = 0 to get
where ξ k lies between 0 and x k for k = 1, . . . , j. Now combining (42), (44), and (45), we obtain (43).
Example. The function f defined by the formula
with |a r | < ∞, satisfies the assumptions of Theorem 3.9 for every positive integer p. We remark that Theorem 3.9 can, in some instances, be generalized to γ = 0, but the corresponding asymptotic expansion depends on a more detailed knowledge of f . For f given by (46), for example, the quadrature nodes and weights for γ = 0 depend on β. 
and that the operator R 
This result is just a combination of the quadrature rule of Corollary 3.2, for the interval [1, n] , with the asymptotic expansion of Theorem 3.9, for the interval
But (48) follows from (47), the equations 
4).
We have completed the definition of the new quadratures, along with the demonstration of their asymptotic performance. We shall see that the existence of these rules, which depends on the solvability of the nonlinear systems of equations that define the nodes and weights, is assured by the theory of Chebyshev systems. The uniqueness of the rules is similarly assured. These issues of existence and uniqueness are treated next.
Existence and uniqueness.

Chebyshev systems.
Material of this subsection is taken, with minor alterations, from Karlin and Studden [21] . Suppose I is an interval of R, possibly infinite. A collection of n real-valued continuous functions f 1 , . . . , f n defined on I is a Chebyshev system if any linear combination
with a i not all zero, has at most n − 1 zeros on I. This condition is equivalent to the statement that for distinct
The Chebyshev property is a characteristic of the space, rather than the basis: if f 1 , . . . , f n is a Chebyshev system, then so is any other basis of span{f 1 , . . . , f n }. If u is a continuous, positive function on I, then scaling by u preserves a Chebyshev system. Finally, if u is strictly increasing and continuous on interval J with range I,
The best-known example of a Chebyshev system is the set of polynomials
on any interval I ⊂ R. We shall be concerned also with the Chebyshev systems
, where γ ∈ R\Z and a > 0. These systems are special cases of the system of Müntz functions (see, for example, [22, p. 133 
on I = (0, ∞), where γ 1 , . . . , γ j are distinct real numbers and n 1 , . . . , n j are positive integers with n i = n. To see this is a Chebyshev system, suppose f ∈ span M and use induction in n on
−γj ], in combination with Rolle's theorem. Another Chebyshev system that will arise is the system
on I = [0, ∞), where γ 1 , . . . , γ j are distinct positive real numbers and n 1 , . . . , n j are positive integers with n i = n. This is indeed a Chebyshev system, for if f ∈ spanL, then the function f (x)
ni is a polynomial in x of degree n − 1. Suppose f 1 , . . . , f n is a Chebyshev system on the interval I. The moment space M n with respect to f 1 , . . . , f n is the set
where the measure σ ranges over the set of nondecreasing right-continuous functions of bounded variation on I. It can be shown that M n is the convex cone associated with points in the curve C, where
In other words, M n can be represented as
The index I(c) of a point c of M n is the minimum number of points of C that can be used in the representation of c, under the convention that a point (f 1 (x), . . . , f n (x)) is counted as a half point if x is from the boundary of I and receives a full count otherwise. The index of a quadrature involving x 1 , . . . , x p is determined by counting likewise.
Proofs of the next three theorems are somewhat elaborate and are omitted here; they can be found in Karlin and Studden [21] . 
is a boundary point of M n if and only if I(c) < n/2. Moreover, if σ is a measure corresponding to a boundary point c ∈ M n , then there is a unique quadrature
where p and q are polynomials such that the degree of each term in (64) does not exceed n − 1. The combination of (64) and Theorem 4.3 proves the theorem.
Müntz system quadratures.
The systems of (22), (24), (36), and (39) that define the quadrature rules of section 3 are special cases of the system of equations
for distinct real numbers γ 1 , . . . , γ j and positive integers n 1 , . . . , n j with n i = n. Here ζ (k) denotes the kth derivative of ζ with respect to its first argument. The existence and uniqueness of the solution of (65) follow from the existence and uniqueness of quadratures for Chebyshev systems, once it is established that there is a measure σ a with
in other words, that the moment space M n of the Chebyshev system of Müntz functions
We will show that this condition is satisfied provided that a is sufficiently large. It would be convenient to have tight bounds for a, in particular for systems (22) , (24), (36), and (39), but it appears that such bounds are difficult to obtain. Even for the regular cases (22) and (24) We linearly combine the equations of (66) to obtain the equivalent system
where we have used the binomial theorem to expand log k (x/a) = (log x − log a) k . We define the weight σ a by the formula
and combine (69), (70), and the equalities
to obtain the equations in α 0,a , . . . , α n−1,a ,
This n-dimensional linear system is nonsingular, since the set of functions We now determine
The asymptotic expansion of ζ (r) (−γ i , a) as a → ∞ can be derived by differentiating (10); the first several terms are given by
Combining (71) and (73), changing the order of summation, and twice applying the product differentiation rule
which immediately reduces to
The combination of (70), (72), and (74) gives 
. , f n forms a Chebyshev system on I = (a, b] and each is integrable on [a, b] with respect to a measure σ corresponding to a point c in the interior of M n . Then there exists a unique quadrature
Proof. The Chebyshev property implies that there exists δ with a < δ < b such that f i is nonzero on (a, δ], i = 1, . . . , n. We define the function u on I by the formula The next theorem, which is the principal analytical result of this section, follows directly from Theorems 4.5 and 4.6. The existence and uniqueness of the quadratures defined in section 3 follow from it. It also hints at the existence of somewhat more general quadratures, for singularities of the form x γ log k x, but we do not evaluate these here. 
has a unique solution w 1 , . . . , w n/2 , x 1 , . . . , x n/2 satisfying w i > 0 for i = 1, . . . , n/2 and 0 < x 1 < · · · < x n/2 ≤ a, with x n/2 = a if n is odd.
Computation of the nodes and weights.
The nodes and weights of the quadratures defined in section 3 are computed by numerically solving the nonlinear systems (22) , (24), (36), and (39). Conventional techniques for this problem either are overly cumbersome or converge too slowly to be practical. Recently, Ma, Rokhlin, and Wandzura [14] addressed this need by developing a practical numerical algorithm that is effective in a fairly general setting. They construct a simplified Newton's method and combine it with a continuation (homotopy) method. We present their method in an abbreviated form in section 5.2; the reader is referred to [14] for more detail.
The systems for regular integrands, however, can be solved even more simply, as we see next.
Regular integrands.
The classical theory of Gaussian quadratures for polynomials, summarized in section 2.4, can be exploited to solve (22) and (24 
The Gauss-Radau quadrature is computed using the formula (18) for the modified Christoffel numbers. For these tasks it is convenient to use a software system that can manipulate polynomials with full-precision rational coefficients. The author implemented code for these computations in Pari/GP [23] .
It should be noted that the proposed procedure is suitable for relatively small values of j (less than, say, 20). It is neither very efficient nor very stable, but it was quite adequate for our purposes. (Unlike the situation for standard Gaussian quadratures, where the number of nodes depends on the size of the problem, here j depends only on the desired order of convergence.) If it is required to compute the nodes and weights of (22) or (24) for large j, the reader may consider numerical schemes for Gaussian quadrature proposed by other authors, for example, that of Gautschi [24] or Golub and Welsch [25] .
Singular integrands.
The systems (36) and (39) for singular integrands cannot be solved using methods for standard Gaussian quadrature, since the nodes to be computed do not coincide with the roots of any closely related orthogonal polynomials. We employ instead the algorithm for such systems developed by Ma, Rokhlin, and Wandzura [14] , which we now describe.
A collection of 2n real-valued continuously differentiable functions
for any choice of distinct x 1 , . . . , x n on I. A Hermite system that is also a Chebyshev system is an extended Hermite system. The following theorem is a direct consequence of the definition; the proofs of the subsequent two theorems are contained in [14] . 
. . , n, where the functions σ i , η i are defined by the formulae
n is the set of points with distinct coordinates, and the mapping G : S → R n is defined by the formula 
Then there exists > 0 and α > 0 such that the sequence x 1 , x 2 , . . . generated by (86) converges to x * and
for any initial point x 0 such that x 0 − x * < . The key feature of this theorem is the quadratic convergence indicated by (87). The solution x * is obtained by an iterative procedure; each step consists of computing the coefficients that determine σ 1 , . . . , σ n and η 1 , . . . , η n by inverting the matrix of (79) then computing the integrals that define G by taking linear combinations, using these coefficients, of integrals of f 1 , . . . , f 2n . Theorem 5.3 ensures that with appropriate choice of starting value x 0 , convergence is rapid and certain.
For quadrature nodes x * = (x 1 , . . . , x n ), the quadrature weights are given by the integrals of η i , namely,
We note that Theorems 5.1-5.3 concern Gaussian quadratures with n nodes and weights to integrate 2n functions on the interval [a, b] exactly. For Gauss-Radau quadratures, in which node x n = b is fixed and 2n−1 functions are integrated exactly, only a slight change is required. In particular, functions σ 1 , . . . , σ n−1 (without σ n )  and η 1 , . . . , η n are defined as before by (80)- (83), except that the summations in (82) and (83) exclude f 2n . Their coefficients α ij , i = 1, . . . , n − 1, j = 1, . . . , 2n − 1, and  β ij , i = 1, . . . , n, j = 1, . . . , 2n − 1, are obtained by inverting the matrix which results from removing the last row and column from the matrix of (79). The revised mapping G : S → R n−1 has n − 1 components defined as the first n − 1 components in (85). Finally, as before, the quadrature weights are given by (88).
In order to obtain a sufficiently good starting estimate for the solution of F (x) = 0, a continuation procedure can be used, as outlined in the following theorem. More typically, of course, δ and any bound on |x t+ − x t |/ depend on t and in a practical implementation the step size is chosen adaptively.
To compute the solutions of (36) and (39), it is effective to use a continuation procedure with respect to both j and a. Solutions for the first few values of j are readily obtained without requiring good initial estimates. Given a solution of (36) for the interval [0, a] with nodes u 1 , . . . , u j and weights v 1 , . . . , v j , we choose an initial estimateũ 1 , . . . ,ũ j+1 ,ṽ 1 , . . . ,ṽ j+1 for j + 1 and the interval [0, a + 1] defined by the formulaeũ
This choice exactly satisfies the equations
as follows immediately from the difference formula (4) for B n and (11) for ζ, but the corresponding equations for r = j are not satisfied. Those equations are approximately satisfied, however, and we can start with the actual values of the sums for r = j as the required values. These are then varied continuously, obtaining the corresponding solutions, until they coincide with the intended values −ζ(−γ − j, a + 1) and B j+1 (a + 1)/(j + 1). This procedure can be used without alteration for (39).
Once the solution for j + 1 and the interval [0, a + 1] is obtained, a can be continuously varied, in a continuation procedure, to obtain solutions for different intervals. 6. Numerical examples. The procedures described in section 5 were implemented in Pari/GP [23] for both the regular cases and the singular cases. The matrix in (79), which must be inverted, is very poorly conditioned for many choices of n, x 1 , . . . , x n , and f 1 , . . . , f 2n . This difficulty was met by using the extended precision capability of Pari/GP.
Nodes and weights.
The nodes and weights of (22), (24), (36), and (39) that determine the quadratures of section 3 were computed for a range of values of the parameter j. For each choice of j, a was chosen, by experiment, to be the smallest integer leading to positive nodes and weights (see Theorem 4.7). For the regular case (22) , the characterization expressed in Theorem 4.4 was used to determine the minimum value of a ∈ R, for j = 1, . . . , 16 , that satisfies c = B 1 (a)/1, . . . , B j (a)/j ∈ M 2j . In particular, we obtained the minimum value of a such that the quadratic forms in (62) are nonnegative definite. This determination was made by calculating the determinant of each corresponding matrix symbolically and solving for the largest root of the resulting polynomial in a. These values are given in Table 1 . This evidence suggests that lim j→∞ j −1 min a exists and is roughly 5/6, meaning that the number of trapezoidal nodes displaced is less than the number of Gaussian nodes replacing them, for quadrature rules of all orders. This relationship also appears to hold, to an even greater extent, for the singular cases.
The values of selected nodes and weights, for the regular cases and for singularities x −1/2 and log x, are presented in an appendix. Of particular simplicity are the first two rules for regular integrands,
where h = 1/(n + 1), for n = 0, 1, . . . , and
where h = 1/(n + 3), for n = 0, 1, . . . . These rules are of third-and fourth-order convergence, respectively. The first is noteworthy for having the same weights as, but higher order than, the trapezoidal rule; the second has asymptotic error 1/4 that of Simpson's rule with the same number of nodes. The lowest-order rule presented for logarithmic singularities, 
Quadrature performance.
To demonstrate the performance of the quadrature rules, they were used in a Fortran routine (with real*8 arithmetic) to numerically compute the integrals
for the functions s(x) = 0, s(x) = x −1/2 , and s(x) = log x. These integrals were also obtained analytically and the relative error of the quadratures was computed. The numerical integrations were computed for various orders of quadrature and various numbers of nodes. Minimum sampling was taken to be two points per period of the cosine (i.e., 200/π ≈ 63.7 quadrature nodes). The accuracies were then compared for various degrees of oversampling. The quadrature errors are listed in Tables 2-4 and plotted, as a function of oversampling factor, in Figure 1 . We note that the graphs are nearly straight lines (until the limit of machine precision is reached), as predicted from the theoretical convergence rates. We remark also that excellent accuracy is attained for even quite modest oversampling when quadratures with high-order convergence are employed. For problems where the number of quadrature nodes is the major cost factor, therefore, one may benefit by using the high-order quadratures even for modest accuracy requirements. Table 5 .
7. Applications and summary. The chief motivation for the hybrid Gausstrapezoidal quadrature rules is the accurate computation of integral operators. We define an integral operator A by the formula
where Γ is a regular, simple closed curve in the complex plane, the function f is regular on Γ, and the kernel K : C × C → C is a regular function of its arguments, except where they coincide; we assume
with φ and ψ regular on Γ × Γ and s regular on (0, ∞), with an integrable singularity at 0. A large variety of problems of classical physics can be formulated as integral equations that involve such operators. When the operator occurs in an integral equation
some choice of discretization must be used to reduce the problem to a finite-dimensional one for numerical solution. In the Nyström method the integrals are replaced by quadratures to yield the finite system of equations 
It is convenient to use a uniform discretization 1/m, 2/m, . . . , 1 in t and τ , so x i = ν(i/m), i = 1, . . . , m. How then is w ij determined? We assume for the moment that f is available at locations other than x 1 , . . . , x m . Continuing ν periodically with period 1, and using the Gauss-trapezoidal quadratures, we obtain
and m = n + 2a − 1 and u 1 , . . . , u j , v 1 , . . . , v j are determined for the singularity s of K. Provided that the periodic continuation of ν is sufficiently regular, the quadrature will converge to the integral with order greater than j as m → ∞, for i = 1, . . . , m. We relax the restriction that f be available outside x 1 , . . . , x m by using local Lagrange interpolation of order j + 1 for equispaced nodes, operations. This cost can often be substantially reduced using techniques that exploit kernel smoothness (see, for example, [6] , [5] ).
A slightly different application of the quadratures is the computation of Fourier transforms of functions that fail to satisfy the assumptions usually made when using the discrete Fourier transform. In particular, if a function decays slowly for large argument or is compactly supported and singular at the ends of the support interval, these quadratures can be used to compute its Fourier transform. One example of such a function is that in (95). Since most of the nodes in these quadratures are equispaced, with function values given equal weight, the fast Fourier transform can be used to do the bulk of the computations; the overall complexity is O(n log n), where n is the number of Fourier coefficients to be computed. Other applications may include the representation of functions for solving ordinary or partial differential equations, when high-order methods are required. In addition, an extension of these quadratures to integrals on surfaces is under study.
In summary, the characteristics of the hybrid Gauss-trapezoidal quadrature rules include
• arbitrary order convergence for regular functions or functions with known singularities of power or logarithmic type, • positive weights, • most nodes equispaced and most weights constant, and • invariant nodes and weights (aside from scaling) as the problem size increases. The primary disadvantage of the quadrature rules, shared with other Gaussian quadratures but exacerbated here by poor conditioning, is that the computation of the nodes and weights is not trivial. Nevertheless, tabulation of nodes and weights for a given order of convergence allows this issue to be avoided in the construction of high-order, general-purpose quadrature routines.
Appendix. Tables of quadrature nodes and weights.
Quadrature nodes and weights may also be obtained electronically from the author. Table 6 The nodes and weights for the quadrature rule T 
